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Abstract
A first aim of this paper is to give sufficient conditions on left non-degenerate
bijective set-theoretic solutions of the Yang-Baxter equation so that they are
non-degenerate. In particular, we extend the results on involutive solutions
obtained by Rump in [36] and answer in a positive way to a question posed by
Cedo´, Jespers, and Verwimp [18, Question 4.2]. Moreover, we develop a theory
of extensions for left non-degenerate set-theoretic solutions of the Yang-Baxter
equation that allows one to construct new families of set-theoretic solutions.
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1. Introduction
A set-theoretic solution of the Yang-Baxter equation, or shortly a solution, is
a pair (X, r) where X is a non-empty set and r is a map from X ×X into itself
such that
r1r2r1 = r2r1r2,
where r1 := r × idX and r2 := idX × r. Let λx : X → X and ρy : X → X be
maps such that
r(x, y) = (λx(y), ρy(x))
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for all x, y ∈ X . A set-theoretic solution of the Yang-Baxter equation (X, r) is
said to be a left [ right ] non-degenerate if λx ∈ Sym(X) [ ρx ∈ Sym(X) ], for
every x ∈ X , and non-degenerate if it is left and right non-degenerate.
Drinfeld’s paper [21] stimulated much interest in this subject. In recent years,
after the seminal papers by Gateva-Ivanova and Van den Bergh [25] and Etingof,
Schedler and Soloviev [22] the involutive solutions r, i.e., r2 = idX×X , have
received a lot of attention.
To study involutive solutions, many theory involving a lot of algebraic struc-
tures has developed. Several examples of involutive solutions have obtained by
using groups, racks, and quandles [23, 24, 15, 2, 17]. In 2005, Rump introduced
cycle sets, non-associative algebraic structures that allow one to find involutive
left non-degenerate solutions. A set X endowed of an operation · is said to be a
cycle set if the left multiplication σx : X −→ X, y 7→ x· y is invertible, for every
x ∈ X , and the relation
(x· y)· (x· z) = (y·x)· (y· z)
is satisfied, for all x, y, z ∈ X . By cycle sets several families of involutive so-
lutions were determined and several interesting results were obtained (see, for
example, [20, 6, 8, 10, 42, 9, 5]).
In 2000, Lu, Yan, and Zhu [34] and Soloviev [41] started the study of non-
degenerate solutions that are not necessarily involutive. To obtain new families
of bijective non-degenerate solutions, in 2015 Guarnieri and Vendramin [26] in-
troduced the algebraic structure of skew brace, a generalisation of the braces
introduced by Rump in [37]. Some works where this structure is studied are
[11, 13, 16, 40, 19, 29], just to name a few. As skew braces are the analogue
version of braces for non-involutive non-degenerate solutions, q-cycle sets, in-
troduced recently by Rump [39], are the analogue version of cycle sets for left
non-degenerate solutions that are not necessarily involutive. Recall that a set
X with two binary operations · and : is a q-cycle set if σx : X −→ X, y 7→ x· y
is invertible, for every x ∈ X , and
(x· y)· (x· z) = (y : x)· (y· z)
(x : y) : (x : z) = (y·x) : (y : z)
(x· y) : (x· z) = (y : x)· (y : z)
hold, for all x, y, z ∈ X . If (X, · , :) is a q-cycle set, then the pair (X, r), where
r(x, y) := (σ−1x (y), σ
−1
x (y) : x), for all x, y ∈ X , is a left non-degenerate solution.
Conversely, if (X, r) is a left non-degenerate solution, then the operations · and :
given by x· y := λ−1x (y) and x : y := ρλ−1y (x)(y), for all x, y ∈ X , give rise to a q-
cycle set. Thanks to this correspondence, one can move from left non-degenerate
solutions to q-cycle sets.
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In the first part of the paper, we focus on non-degeneracy of bijective solutions.
In particular, using q-cycle sets, we show that any finite left non-degenerate bi-
jective solutions is right non-degenerate, giving a positive answer to [18, Ques-
tion 4.2]. In this way, we also extend the corresponding result for finite involutive
solutions provided by Rump in [36, Theorem 2] in terms of cycle sets, and by
Jespers and Oknin´ski in [30, Corollary 2.3] in terms of monoids of I-type. In
addition, using the result on finite left non-degenerate solutions, we give suffi-
cient conditions to find a class non-degenerate solutions that include properly
the finite left non-degenerate ones.
In Section 4, we introduce an equivalence relation for a q-cycle set which we
call retraction, in analogy to the retraction of cycle sets, that is compatible with
respect to the two operations. Since the retraction of a non-degenerate q-cycle
set is again a non-degenerate q-cycle set, we obtain an alternative proof of [28,
Theorem 3.3] for non-degenerate solutions (X, r) with the additional property
of r bijective. Clearly, we include the result showed in [33, Lemma 8.4].
The final goal of this paper is to develop a theory of extensions of q-cycle sets.
Following the ideas of Vendramin for cycle sets [42] and of Nelson and Watter-
berg for biracks [35], we introduce a suitable notion of dynamical extension of
q-cycle sets. Even if dynamical extensions are often hard to find, we introduce
several examples of dynamical extensions that are relatively easy to compute.
Moreover, we introduce several families of dynamical extensions that provide
non-degenerate solutions that are different from those obtained by skew braces.
As an application, we construct a semidirect product of q-cycle sets, which is a
generalization of the semidirect product of cycle sets introduced by Rump [38]
and, referring to [4, Problem 4.15], gives rise to a general definition of semidirect
product of biquandles.
2. Basic results and examples
To study non-degenerate solutions, Rump recently introduced in [39] the notion
of q-cycle set. Recall that a set X together with two binary operations · and
: is a q-cycle set if the function σx : X −→ X, y 7→ x· y is bijective, for every
x ∈ X , and
(x· y)· (x· z) = (y : x)· (y· z) (1)
(x : y) : (x : z) = (y·x) : (y : z) (2)
(x· y) : (x· z) = (y : x)· (y : z) (3)
hold for all x, y, z ∈ X . Hereinafter, we denote by q and q′ the squaring maps
related to · and :, i.e., the maps given by
q(x) := x·x and q′(x) := x : x,
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for every x ∈ X .
A q-cycle set (X, · , :) is said to be regular if the function δx : X −→ X, y 7→ x : y
is bijective, for every x ∈ X , and non-degenerate if it is regular and q and q′ are
bijective. At first sight, the notion of non-degeneracy introduced by Rump seems
different, but [39, Corollary 2] ensures that the two definitions are equivalent.
The left non-degenerate solution (X, r) provided by a q-cycle set X is given by
r(x, y) := (σ−1x (y), σ
−1
x (y) : x),
for all x, y ∈ X , is a left-non degenerate solution. Conversely, if (X, r) is a left
non-degenerate solution and r(x, y) = (λx(y), ρy(x)), for all x, y ∈ X , then the
operations · and : given by
x· y := λ−1x (y) x : y := ρλ−1y (x)(y)
for all x, y ∈ X , give rise to a q-cycle set, see [39, Proposition 1]. As one would
expect, non-degenerate q-cycle sets corresponds to non-degenerate bijective so-
lutions.
Q-cycle sets allow us to construct a lot of families of solutions obtained in
several recent papers. To show this, in the rest of this section we collect several
examples of q-cycle sets and highlight some connections with other algebraic
structures.
At first, note that q-cycle sets with x· y = x : y, for all x, y ∈ X , correspond to
cycle sets. Clearly, in this case, (1), (2), and (3) are reduced to
(x· y)· (x· z) = (y·x)· (y· z). (4)
These examples of q-cycle sets determine the “celebrated” left non-degenerate
solutions that are also involutive, that in particular are maps r : X×X → X×X
of the form
r (x, y) =
(
σ−1x (y) , σ
−1
x (y) ·x
)
,
for all x, y ∈ X .
In [39] Rump showed some connections between q-cycle sets and other algebraic
structures. In particular, he observed that skew braces correspond to particular
q-cycle sets for which the squaring maps q and q′ coincide (see [39, Corollary
2]). In this context, we note that an analogue result follows for left semi-braces,
algebraic structures that are a generalisation of skew braces. We specify that,
in this paper, for a left semi-brace we mean the structure introduced in [12],
named left cancellative left semi-brace in [31]. Specifically, we say that a set B
with two operations + and ◦ is a left semi-brace if (B,+) is a left cancellative
semigroup, (B, ◦) is a group, and
a ◦ (b+ c) = a ◦ b+ a ◦
(
a− + c
)
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holds, for all a, b, c ∈ B, where a− is the inverse of a with respect to ◦.
If (B,+, ◦) is a left semi-brace, by [12, Theorem 9] we have that the map
rB : B ×B → B ×B defined by
rB (a, b) =
(
a ◦
(
a− + b
)
,
(
a− + b
)
−
◦ b
)
,
for all a, b ∈ B, is a left non-degenerate solution. Hence, the q-cycle set associ-
ated to B is the structure (B, · , :) where · and : are given by
a· b = λa− (b) = a
− ◦ (a+ b)
a : b =
(
ρa
(
b−
))
−
= a− ◦ (b+ a) ,
for all a, b ∈ B. Therefore, it is now easy to see that the squaring maps q
and q′ coincide also for q-cycle sets obtained by left semi-braces that are not
skew-braces. In the following example, we show a family of concrete examples
of q-cycle sets determined by left semi-braces.
Example 1. Let (B, ◦) be a group, f an idempotent endomorphism of (B, ◦),
and (B,+, ◦) the left semi-brace in [12, Example 10] where the sum is given by
a+ b := b ◦ f (a) ,
for all a, b ∈ B. Since the left non-degenerate solution associated to (B,+, ◦) is
the map rB : B : B ×B → B ×B given by
r (a, b) =
(
a ◦ b ◦ f (a)−1 , f (a)
)
,
we obtain that (B, · , :) is a q-cycle set with · and : defined by
a· b := a−1 ◦ b ◦ f (a) a : b := f (b) ,
for all a, b ∈ B. Clearly, if f 6= idB, then (B, · , :) is not regular.
More in general, let us observe that the hypothesis of idempotency on f is
unnecessary to have a structure of q-cycle set on the group (B, ◦). Obviously,
(B, · , :) is regular if and only if the map f is bijective.
However, in general, the squaring maps q and q′ do not coincide, as one can
see in Examples 2 and Examples 3 below.
Examples 2.
1) Let k ∈ N, B := Z/mZ, · and : the binary operations on B given by x· y :=
y + k and x : y = y, for all x, y ∈ B. Then, (B, · , :) is a regular q-cycle
set and the solution associated to (B, · , :) is the map r : B ×B → B ×B
given by
r (x, y) = (y − k, x) ,
for all x, y ∈ B.
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2) Let B := Z/3Z and α the element of Sym(B) given by α := (0 1).
Moreover, let · and : the binary operations on B given by x· y := α(y)
if x ∈ {0, 1} and x· y := y otherwise and x : y := y if x ∈ {0, 1} and
x : y := α(y) otherwise. Then, (B, · , :) is a regular q-cycle set and the
solution r associated to (B, · , :) is defined by
r (x, y) =
{
(α (y) , x) if x ∈ {0, 1}
(y, 2) if x = 2
,
for all x, y ∈ B. It is a routine computation to verify that r satisfies
r4 = idB×B.
The previous examples are all regular q-cycle sets. We conclude the section by
showing examples of q-cycle sets that are not regular.
Examples 3.
1) Let X be a set, · and : two operations on X given by
x· y := y x : y := k
for all x, y ∈ X , where k ∈ X . Then, it is easy to check that the structure
(X, · , :) is a q-cycle set. Clearly, if |X | > 1, then (X, · , :) is not regular.
Moreover, the left non-degenerate solution associated to (X, · , :) is the
map r : X ×X → X ×X given by
r (x, y) = (y, k) ,
for all x, y ∈ X . In particular, let us observe that r satisfies the relation
r3 = r2.
2) Let X be a left quasi-normal semigroup, i.e., X is a semigroup such that
xyz = xzyz, for all x, y, z ∈ X . Then, it is straightforward to check that
X endowed by the operations · and : defined by
x· y := y x : y := yx,
for all x, y ∈ X , is a q-cycle set. Clearly, (X, · , :) in general is not regular.
Note that the solution associated to X is given by
r (x, y) = (y, xy) ,
for all x, y ∈ X , and it coincides with that provided in [14, Examples 6.2].
In particular, we have that r satisfies the property r5 = r3.
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3. Non-degeneracy of q-cycle sets
This section focuses on non-degeneracy of q-cycle sets. Rump in [36, The-
orem 2] and Jespers and Oknin´ski in [30, Corollary 2.3], using different lan-
guages, showed that every finite involutive left non-degenerate solution is non-
degenerate. Recently, Cedo´, Jespers and Verwimp asked if the same result is
true for every finite bijective left non-degenerate solution.
Question. [18, Question 4.2] Is every finite left non-degenerate solution non-
degenerate?
A first aim is to use the theory of q-cycle sets to answer in the positive sense.
Moreover, we give sufficient conditions to find a class of non-degenerate solutions
that include properly the finite left non-degenerate ones.
Initially, we provide the “q-version” of the proof of [36, Theorem 2] provided
recently by Jedlicka, Pilitowska, and Zamojska-Dzienio in [28, Proposition 4.7].
Hereinafter, for any regular q-cycle set X , we denote by G(X) the subgroup of
Sym(X) given by
G(X) :=< {σx|x ∈ X} ∪ {δx|x ∈ X} >
and we call it the permutation group associated to X .
Lemma 4. Let (X, · , :) be a regular q-cycle set such that the associated permu-
tation group G(X) is finite. Then the squaring maps q and q′ are surjective.
Proof. At first, note that thanks to (2), we have
(σ−1x (y) : x) : (σ
−1
x (y) : x) = y : (x : x) (5)
for every x, y ∈ X . Now, since G(X) is finite, there exists a natural number m
such that δmz (z) = z, for every z ∈ X . If m ∈ {1, 2} then q
′ is surjective by (5).
If m > 2 and z ∈ X , then
z = δmz (z)
= δm−2z (z : (z : z))
= δm−2z (q
′(σ−1z (z) : z)))
= δm−3z (z : q
′(σ−1z (z) : z)))
and applying repeatedly (5), we obtain that q′(v) = z, for some v ∈ X , hence q′
is surjective. In a similar way, one can show that q is surjective, therefore the
thesis follows.
Theorem 5. Let (X, · , :) be a finite regular q-cycle set. Then X is non-
degenerate.
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Proof. If X is finite then so G(X) is, hence by the previous lemma q and q′
are surjective. Again, since X is finite, q and q′ are also injective, hence the
thesis.
As a consequence of the previous theorem, we obtain the following result that
extends the analogous one for finite involutive solutions showed by Rump in [36,
Theorem 2] and by Jespers and Oknin´ski in [30, Corollary 2.3].
Corollary 6. Let (X, r) be a finite bijective left non-degenerate solution. Then
(X, r) is non-degenerate.
Proof. It follows by the previous theorem and [39, Proposition 1].
Now, we use the previous result on finite solutions to find a larger class of
non-degenerate solutions. At first, we have to introduce a preliminary lemma.
We recall that a subset Y of a q-cycle set X is said to be G(X)-invariant if
g (y) ∈ Y , for all g ∈ G(X) and y ∈ Y .
Lemma 7. Let X be a regular q-cycle set and Y a G(X)-invariant subset of
X. Then, Y is a regular q-cycle set with respect to the operations induced by X.
Moreover, if X is non-degenerate then so Y is.
Proof. Is is a straightforward calculation.
Theorem 8. Let X be a regular q-cycle set such that the orbits of X with respect
to the action of G(X) have finite size. Then, X is non-degenerate.
Proof. We have to show that the squaring maps q and q′ are bijective. Let x
be an element of X and Y the orbit of X such that x ∈ Y . By the previous
lemma and the hypothesis, Y is a finite regular q-cycle set and, by Theorem 5,
it is non-degenerate. Therefore, there exist x1, x2 ∈ Y such that q(x1) = x
and q′(x2) = x. Hence, we have that the squaring maps of X are surjective.
Now, suppose that y, z, t are elements of X such that q(y) = q(z) = t and let
T be the orbit of X such that t ∈ T . Then, we have that y = σ−1y (t) ∈ T
and z = σ−1z (t) ∈ T . Since T is non-degenerate, we obtain that y = z, hence
the squaring map q of X is injective. In a similar way, one can show that the
squaring map q′ of X is injective.
We conclude the section by translating the previous result in terms of solutions.
Note that, if X is a regular q-cycle set and (X, r) the associated solution, where
r(x, y) := (λx(y), ρy(x)), for all x, y ∈ X , then the associated permutation group
G(X) coincides with the subgroup of Sym(X) generated by the set {λx|x ∈
X} ∪ {ηx|x ∈ X}, where ηx(y) = ρλ−1y (x)(y), for all x, y ∈ X .
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Corollary 9. Let (X, r) be a bijective left non-degenerate solution such that
the orbits of X respect to the action of G(X) have finite size. Then (X, r) is
non-degenerate.
Proof. It follows by the previous theorem and [39, Proposition 1].
4. Retraction of regular q-cycle sets
In this section we introduce the “q-version” of the retract relation introduced
by Rump in [36] for cycle sets. Namely, we introduce a suitable notion of
retraction that is a congruence of q-cycle sets, i.e., it is a congruence with respect
to the two operations · and :. Furthermore, we show that, for the specific class
of non-degenerate q-cycle sets, the quotient of a q-cycle set by its retraction is
still a q-cycle set.
Definition 1. Let (X, · , :) be a regular q-cycle set and ∼ the relation on X
given by
x ∼ y :⇐⇒ σx = σy and δx = δy
for every x, y ∈ X . Then ∼ will be called the retract relation.
In analogy to [36, Lemma 2], we show that ∼ is always a congruence of a
q-cycle set.
Proposition 10. Let (X, · , :) be a regular q-cycle set. Then, the retraction ∼
is a congruence of (X, · , :).
Proof. Let x, y, z, t be such that x ∼ y and z ∼ t. Then, using (1),
(x· z)· (x· k) = (y· z)· (y· k) = (z : y)· (z· k) = (t : y)· (t· k)
= (y· t)· (y· k),
therefore σx·z = σy·t. Moreover, using (2),
(x : z)· (x· k) = (y : z)· (y· k) = (z· y)· (z· k) = (t· y)· (t· k)
= (y : t)· (y· k),
therefore σx:z = σy:t. Similarly, one can show that δx·z = δy·t and δx:z = δy:t,
hence the thesis.
To prove the main result of this section we make use of the extension on the
free group F (X) of a q-cycle set X . Initially, we recall the following proposition
contained in [39].
Proposition 11. [39, Theorem 1] Let X be a non-degenerate regular q-cycle
set. Then X can be extended to a q-cycle set on the free group (F (X), ◦) such
that 1· a = 1 : a = a and
9
1) (a ◦ b)· c = a· (b· c)
2) (a ◦ b) : c = a : (b : c)
3) a· (b ◦ c) = ((c : a)· b) ◦ (a· c)
4) a : (b ◦ c) = ((c· a) : b) ◦ (a : c),
are satisfied, for all a, b, c ∈ F (X). Furthermore, in F (X) we have that
x· y−1 = (δ−1y (x)· y)
−1 and x : y−1 = (σ−1y (x) : y)
−1
hold, for all x, y ∈ X.
As a consequence of the previous proposition we have the following result.
Lemma 12. Let X be a non-degenerate regular q-cycle set. Then, the following
hold:
1) a·x ∈ X, for all a ∈ F (X) and x ∈ X;
2) a : x ∈ X, for all a ∈ F (X) and x ∈ X;
3) for all x, x1, . . . , xn ∈ X and ǫ, ǫ1, . . . , ǫn ∈ {−1, 1}, there exist t1, ..., tn ∈
X and η, η1, ..., ηn ∈ {1,−1} such that
σxǫ(x
ǫ1
1 ◦ · · · ◦ x
ǫn
n ) = t
η1
1 ◦ · · · ◦ t
ηn
n ;
4) for all x, x1, . . . , xn ∈ X and ǫ, ǫ1, . . . , ǫn ∈ {−1, 1}, there exist t1, ..., tn ∈
X and η, η1, ..., ηn, ǫ ∈ {1,−1} such that
δxǫ(x
ǫ1
1 ◦ · · · ◦ x
ǫn
n ) = t
η1
1 ◦ · · · ◦ t
ηn
n .
Proof. 1) If x, y ∈ X , by 1) in Proposition 11, it follows that
σx−1σx (y) = x
−1· (x· y) =
(
x−1 ◦ x
)
· y = 1· y = y
and, analogously, σxσx−1 (y) = y, i.e., σx−1 = σ
−1
x . Thus, if a ∈ F (X), there
exist x1, . . . , xn ∈ X and ǫ1, . . . , ǫn ∈ {−1, 1} such that a = x
ǫ1
1 ◦· · ·◦x
ǫn
n , hence,
by 1) in Proposition 11, it holds that
a·x = σxǫ1
1
. . . σxǫnn (x) = σ
ǫ1
x1
. . . σǫnxn (x) ∈ X.
2) The proof is similar to 1).
3) We proceed by induction on n ∈ N. Let n = 1, x, x1 ∈ X , ǫ, ǫ1 ∈ {−1, 1}.
Let us note that if ǫ1 = 1, then the thesis follows by 1). If ǫ1 = −1, since by
Proposition 11, a· 1 = 1, for every a ∈ F (X), by 3) in Proposition 11 it follows
that 1 = xǫ·
(
x1 ◦ x
−1
1
)
=
((
x−11 : x
ǫ
)
·x1
)
◦
(
xǫ·x−11
)
and so
σxǫ
(
x−11
)
=
((
x−11 : x
ǫ
)
·x1
)−1
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with
(
x−11 : x
ǫ
)
·x1 ∈ X by 1). Now, suppose the thesis holds for a natural
number n and let x1, . . . , xn ∈ X , ǫ1, . . . , ǫn ∈ {−1, 1}. Then, by 3) in Proposi-
tion 11, we have that
σxǫ
(
xǫ11 ◦ · · · ◦ x
ǫn+1
n+1
)
=
((
x
ǫn+1
n+1 : x
ǫ
)
· (xǫ11 ◦ · · · ◦ x
ǫn
n )
)
◦
(
xǫ·x
ǫn+1
n+1
)
,
therefore, by induction hypothesis, the thesis follows.
4) The proof is similar to 3).
Now, let us introduce the following preliminary lemmas.
Lemma 13. Let X be a non-degenerate regular q-cycle set and x, y ∈ X. Then,
the following statements are equivalent
1) x· z = y· z and x : z = y : z, for every z ∈ X;
2) x· z = y· z and x : z = y : z, for every z ∈ F (X).
Proof. Since every element of F (X) can be written as xǫ11 ◦ ... ◦ x
ǫn
n for some
x1, ..., xn ∈ X and ǫ1, ..., ǫn ∈ {1,−1} we prove “1) ⇒ 2)” by induction on n.
Hence, suppose that x· t = y· t and x : t = y : t, for every t ∈ X .
If n = 1 and z = xǫ11 for some x1 ∈ X, ǫ1 ∈ {1,−1} we have two cases: if
ǫ1 = 1, then x : z = y : z by the hypothesis, if ǫ1 = −1, by equality (2) and the
hypothesis we have that
x : (x1 : x1) = y : (x1 : x1)⇒
⇒ (x1·σ
−1
x1
(x)) : (x1 : x1) = (x1·σ
−1
x1
(y)) : (x1 : x1)
⇒ (σ−1x1 (x) : x1) : (σ
−1
x1
(x) : x1) = (σ
−1
x1
(y) : x1) : (σ
−1
x1
(y) : x1)
⇒ q′(σ−1x1 (x) : x1) = q
′(σ−1x1 (y) : x1)
⇒ σ−1x1 (x) : x1 = σ
−1
x1
(y) : x1
and, since F (X) is a group, it follows that (σ−1x1 (x) : x1)
−1 = (σ−1x1 (y) : x1)
−1
and hence, by Proposition 11, x : x−11 = y : x
−1
1 . Similarly, one can show that
x·x−11 = y·x
−1
1 .
Now, suppose the thesis for a natural number n and let z := xǫ11 ◦ ... ◦ x
ǫn+1
n+1 ∈
F (X), where x1, ..., xn+1 ∈ X and ǫ1, ..., ǫn+1 ∈ {1,−1}. Then, by 4) in Propo-
sition 11, we have that
x : (xǫ11 ◦ ... ◦ x
ǫn+1
n+1 ) = ((x
ǫn+1
n+1 ·x) : x
ǫ1
1 ◦ ... ◦ x
ǫn
n ) ◦ (x : x
ǫn+1
n+1 )
= ((x
ǫn+1
n+1 ·x) : (x
ǫn+1
n+1 : δ
−1
x
ǫn+1
n+1
(xǫ11 ◦ ... ◦ x
ǫn
n ))) ◦ (x : x
ǫn+1
n+1 )
= ((x : x
ǫn+1
n+1 ) : (x : δ
−1
x
ǫn+1
n+1
(xǫ11 ◦ ... ◦ x
ǫn
n ))) ◦ (x : x
ǫn+1
n+1 )
and similarly
y : (xǫ11 ◦ ... ◦ x
ǫn+1
n+1 ) = ((y : x
ǫn+1
n+1 ) : (y : δ
−1
x
ǫn+1
n+1
(xǫ11 ◦ ... ◦ x
ǫn
n ))) ◦ (y : x
ǫn+1
n+1 ).
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Note that, by Lemma 12, there exist t1, ..., tn ∈ X and η1, ..., ηn ∈ {1,−1} such
that δ−1
x
ǫn+1
n+1
(xǫ11 ◦...◦x
ǫn
n ) = t
η1
1 ◦...◦t
ηn
n , and this fact, together with the inductive
hypothesis, implies that
x : δ−1
x
ǫn+1
n+1
(xǫ11 ◦ ... ◦ x
ǫn
n )) = y : δ
−1
x
ǫn+1
n+1
(xǫ11 ◦ ... ◦ x
ǫn
n )).
Moreover, again by inductive hypothesis, it follows that x : x
ǫn+1
n+1 = y : x
ǫn+1
n+1 .
Therefore, we showed that x : z = y : z. In a similar way, one can show that
x· z = y· z, hence “1)⇒ 2)”. The converse implication is trivial.
Let X be a regular non-degenerate q-cycle set and F (X) its extension to the
free group on X . In [39, Section 4] Rump define the socle of F (X), denoted by
Soc(F (X)), as the set
Soc(F (X)) := {a | a ∈ F (X), a· b = a : b = b ∀ b ∈ F (X)}
and he showed that Soc(F (X)) is a subgroup of F (X) and that the factor
F (X)/Soc(F (X)) is again a non-degenerate q-cycle set. From this fact the
following lemma follows.
Lemma 14. Let X be a non-degenerate q-cycle set and F (X) its extension to
the free group on X. Then, Ret(F (X)) is a regular non-degenerate q-cycle set.
Proof. It is easy to see that x ∼ y if and only if x ◦ y−1 ∈ Soc(F (X)) for every
x, y ∈ F (X), hence the result follows by the previous remark.
Theorem 15. Let X be a regular q-cycle set and Ret(X) its retraction. Then,
X is non-degenerate if and only if Ret(X) is a non-degenerate q-cycle set.
Proof. To avoid confusion, for any element x ∈ X we denote by x¯ its equivalence
class with respect to the retract relation on X and by x˜ its equivalence class
with respect to the retract relation on F (X).
Suppose that X is non-degenerate. Then, the function
G : X −→ Ret(F (X)), x 7→ x˜
is a homomorphism of q-cycle sets. Moreover, by Lemma 13, we have that
G(x) = G(y) if and only if x¯ = y¯, hence Ret(X) ∼= G(X) as algebraic structures.
If z ∈ X then
z˜· x˜ = z˜·x z˜ : x˜ = z˜ : x
z˜−1· x˜ = z˜−1·x = σ˜−1z (x)
and
z˜−1 : x˜ = z˜−1 : x = δ˜−1z (x)
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and these equalities imply that G(X) is a G(Ret(F (X)))-invariant subset of
Ret(F (X)), hence, by Lemma 7, it is a non-degenerate q-cycle set. Therefore,
Ret(X) is a non-degenerate q-cycle set.
Conversely, suppose that Ret(X) is a non-degenerate q-cycle set. We have
to show that the maps q and q′ of X are bijective. Let x, y ∈ X such that
x·x = y· y. Then, x¯· x¯ = y¯· y¯ and, by the non-degeneracy of Ret(X), we have
that x¯ = y¯. Hence, y·x = x·x = y· y, therefore x = y and the injectivity of
q follows. Moreover, if x ∈ X , there exists a unique y¯ ∈ Ret(X) such that
y¯· y¯ = x¯. Since x¯ = y¯·σ−1y (x), we have that σ
−1
y (x) = y¯, and hence
x = σy(σ
−1
y (x)) = σσ−1y (x)(σ
−1
y (x)) = q(σ
−1
y (x))
therefore q is bijective. In the same way, one can show that q′ is bijective.
If X is a non-degenerate q-cycle set and (X, r) is the associated solution, it is
easy to see that x ∼ y if and only if λx = λy and ρx = ρy. Indeed, if x, y ∈ X ,
x ∼ y ⇔ σx = σy and δx = δy
⇔ σ−1x = σ
−1
y and δxq
′ = δyq
′
⇔ σ−1x = σ
−1
y and q
′(σ−1z (x) : z) = q
′(σ−1z (y) : z) ∀z ∈ X
⇔ λx = λy and ρx = ρy.
Hence, the previous theorem give us an alternative proof of [28, Theorem 3.3],
in terms of solutions (X, r) having bijective map r. Moreover, it shows a kind
of converse for left non-degenerate bijective solutions: indeed, if X retracts to
a non-degenerate solution then so X is.
Corollary 16. Let (X, r) be a bijective left non-degenerate solution of the Yang-
Baxter equation and Ret(X) the retraction of the associated q-cycle set. If (X, r)
is non-degenerate then, for every x¯ ∈ Ret(X), we can define the function λ¯x¯ by
λ¯x¯ : Ret(X) −→ Ret(X), y¯ 7→ λx(y)
for every y¯ ∈ Ret(X). Moreover, the pair (Ret(X), r¯), where r¯ is given by
r¯(x¯, y¯) := (λx(y), λx(y) : x)
is a bijective non-degenerate solution of the Yang-Baxter equation.
Conversely, suppose that the function λ¯x¯ is well defined for every x¯ ∈ Ret(X)
and that the pair (Ret(X), r¯) defined as above is a non-degenerate bijective so-
lution. Then, (X, r) is non-degenerate.
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5. Dynamical extensions of q-cycle sets
Inspired by the extensions of cycle sets and racks, introduced by Vendramin
in [42] and Andruskiewitsch and Gran˜a in [1], and the dynamical cocycles of
biracks [35], introduced by Nelson and Watterberg, in this section we develop a
theory of dynamical extensions of q-cycle sets.
Theorem 17. Let (X, · , :) be a q-cycle set, S a set, α : X×X×S −→ Sym(S)
and α′ : X ×X × S −→ SS maps such that
α(x·y),(x·z)(α(x,y)(s, t), α(x,z)(s, u)) = α(y:x),(y·z)(α
′
(y,x)(t, s), α(y,z)(t, u)) (6)
α′(x:y),(x:z)(α
′
(x,y)(s, t), α
′
(x,z)(s, u)) = α
′
(y·x),(y:z)(α(y,x)(t, s), α
′
(y,z)(t, u)) (7)
α′(x·y),(x·z)(α(x,y)(s, t), α(x,z)(s, u)) = α(y:x),(y:z)(α
′
(y,x)(t, s), α
′
(y,z)(t, u)) (8)
hold, for all x, y, z ∈ X, s, t, u ∈ S. Then, the triple (X × S, · , :) where
(x, s)· (y, t) := (x· y, α(x,y)(s, t))
(x, s) : (y, t) := (x : y, α′(x,y)(s, t)),
for all x, y ∈ X and s, t ∈ S, is a q-cycle set. Moreover, (X × S, · , :) is regular
if and only if α′(x,y)(s,−) ∈ Sym(S), for all x, y ∈ X and s ∈ S.
Proof. Since
((x, s)· (y, t))· ((x, s)· (z, u)) = ((x· y)· (x· z), α(x·y),(x·z)(α(x,y)(s, t), α(x,z)(s, u)))
and
((y, t) : (x, s))· ((y, t)· (z, u)) = ((y : x)· (y· z), α(y:x),(y·z)(α
′
(y,x)(t, s), α(y,z)(t, u))),
for all x, y, z ∈ X , s, t, u ∈ S, we have that (6) is equivalent to (1). In the same
way one can show that (7) and (8) are equivalent to (2) and (3). The rest of
the proof is a straightforward calculation.
Definition 2. We call the pair (α, α′) dynamical pair and we call the q-cycle
set X ×α,α′ S := (X × S, · , :) dynamical extension of X by S.
Clearly, every dynamical extension of a cycle set [42] is a dynamical extension
of a q-cycle set for which α = α′.
If X and S are q-cycle sets and
α(x,y)(s, t) = α
′
(x,y)(s, t) := t
for all x, y ∈ X , s, t ∈ S, X ×α,α′ S, is a dynamical extension which we call
trivial dynamical extension of X by S. The goal of the next section is to provide
further examples of dynamical extensions.
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Definition 3. Let X and Y be q-cycle sets. A homomorphism p : X −→ Y is
called covering map if it is surjective and all the fibers
p−1(y) := {x|x ∈ X, p(x) = y}
have the same cardinality. Moreover, a q-cycle set X is simple if, for every
covering map p : X −→ Y , we have that |Y | = 1 or p is an isomorphism.
Examples 18.
1) Every q-cycle set having a prime number of elements is simple.
2) Let X := {0, 1, 2, 3} be the q-cycle set given by
σ0 := (1 3) σ1 := (0 3) σ2 := (0 1 3) σ3 := (0 1)
δ0 = δ1 = δ3 := idX δ2 := (0 1 3).
Suppose that p : X −→ Y is a covering map. Hence, Y has necessarily
two elements. Moreover, since p(0)· p(0) = p(0) : p(0) = p(0), Y is the
q-cycle set given by σy = δy = idY , for every y ∈ Y . This fact implies
that X has a subset I of 2 elements such that σx(I) = δx(I) = I, for every
x ∈ X , but this is a contradiction. Then, X is simple.
The following theorem, that is a “q-version” of [42, Theorem 2.12], states that
every non-simple q-cycle set can be found as a dynamical extension of a smaller
q-cycle set.
Theorem 19. Let X and Y be q-cycle sets and suppose that p : Y −→ X is a
covering map. Then, there exist a set S and a dynamical pair (α, α′) such that
Y ∼= X ×α,α′ S.
Proof. Since all the fibers p−1(x) are equipotent, there exist a set S and a
bijection fx : p
−1(x) −→ S. Let α : X ×X × S −→ Sym(S) and α′ : X ×X ×
S −→ SS given by
α(x,z)(s, t) := fx·z(f
−1
x (s)· f
−1
z (t))
and
α′(x,z)(s, t) := fx:z(f
−1
x (s) : f
−1
z (t))
for all x, z ∈ X , s, t ∈ S. Then,
α(x·y,x·z)(α(x,y)(r, s), α(x,z)(r, t)) =
= f(x·y)·(x·z)(f
−1
x·y(α(x,y)(r, s))· f
−1
x·z(α(x,z)(r, t)))
= f(x·y)·(x·z)(f
−1
x·y(fx·y(f
−1
x (r)· f
−1
y (s))· f
−1
x·z(fx·z(f
−1
x (r)· f
−1
z (t))
= f(x·y)·(x·z)((f
−1
x (r)· f
−1
y (s))· (f
−1
x (r)· f
−1
z (t))
= f(y:x)·(y·z)((f
−1
y (s) : f
−1
x (r))· (f
−1
y (s)· f
−1
z (t))
= f(y:x)·(y·z)(f
−1
y:x(fy:x(f
−1
y (s) : f
−1
x (r))· f
−1
y·z (fy·z(f
−1
y (s)· f
−1
z (t))
= α(y:x,y·z)(α
′
(y,x)(s, r), α(y,z)(s, t)),
15
for all x, y, z ∈ X and r, s, t ∈ S, hence (6) holds. In the same way, one can
check that the pair (α, α′) verifies (7) and (8), hence, by Theorem 17, X×α,α′ S
is a q-cycle set.
The map φ : Y −→ X×α,α′S, y 7→ (p(y), fp(y)(y)) is a bijective homomorphism.
Indeed,
φ(y· z) = (p(y· z), fp(y·z)(y· z))
= (p(y)· p(z), fp(y)·p(z)(f
−1
p(y)(fp(y)(y))· f
−1
p(z)(fp(z)(z))))
= (p(y)· p(z), α(p(y),p(z))(fp(y)(y), fp(z)(z)))
= (p(y), fp(y)(y))· (p(z), fp(z)(z))
= φ(y)·φ(z),
for all y, z ∈ Y . In a similar way one can show that φ(y : z) = φ(y) : φ(z),
for all y, z ∈ Y . By the surjectivity of p and the bijectivity of the maps fy the
bijectivity of φ also follows, hence the thesis.
6. Examples and constructions
In this section, we collect several both known and new examples of dynamical
extension of q-cycle sets. Finally, we introduce a new construction of q-cycle
sets, the semidirect product.
Some dynamical cocycles of biracks founded in [4, 35, 27] provide dynamical
extensions of q-cycle sets (one can see this fact by a long but easy calculation).
Using non-degenerate cycle sets, in [42, 7, 3] several examples of dynamical
extensions were obtained.
We start by giving an example of a dynamical extension of a degenerate cycle
set that is similar to those obtained in [7] and [3].
Example 20. Let X be the cycle set on Z given by x· y := y −min{0, x}, for
all x, y ∈ X , (see [36, Example 1]), and let S be the Klein group Z/2Z×Z/2Z.
Let α : X ×X × S −→ Sym(S) be the function given by
α(i,j)((a, b), (c, d)) :=
{
(c, d− (a− c)) if i = j,
(c− b, d) if i 6= j
for all i, j ∈ X , (a, b), (c, d) ∈ S, and set α′ := α. Then, X×α,α′S is a dynamical
extension of X by S.
By an easy calculation one can see that the previous example is an irre-
tractable cycle set. Moreover, it is degenerate: indeed, q(−2, 0, 0) is equal to
q(−1, 0, 0). Recently, Cedo´, Jespers and Verwimp [18] studied the links between
non-degeneracy and irretractability of cycle sets (note that they used the lan-
guage of set-theoretic solutions). As mentioned in [18, p. 12], they did not
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know whether there exist examples of irretractable degenerate cycle sets: in
this direction, the previous example answers in the positive sense.
Inspired by the dynamical extensions provided in [3], in the following example
we give a family of dynamical extensions that determine new q-cycle sets that
are not cycle sets.
Example 21. Let X be the cycle set given by x· y = y for every x, y ∈ X , and
G an abelian group. Let α, α′ : X ×X × (G×G) −→ Sym(G×G) be the maps
given by
α(x,y)((s1, s2), (t1, t2)) :=
{
(t1 + t2 − s2, t2) if x = y
(t1, t2 + s1) if x 6= y
and
α′(x,y)((s1, s2), (t1, t2)) :=
{
(t1 − t2 + s2, t2) if x = y
(t1, t2 + s1) if x 6= y
for all x, y ∈ X , s1, s2, t1, t2 ∈ G. Then (α, α
′) is a dynamical pair and hence
X ×α,α′ (G×G) is a q-cycle set.
Example 22. Let B be a group, f an endomorphism of B and (B, · , :) the
q-cycle in Example 1 where x· y = x−1yf (x) and x : y = f (y), for all x, y ∈ B.
Let S = B, α : B × B × S → Sym (S) and α′ : B × B × S → SS be the maps
defined by
α(x,y)(s, t) := x
−1t
α′(x,y)(s, t) := f (t) ,
for all x, y, s, t ∈ B. Then, it is a routine computation to verify that (α, α′) is
a dynamical pair. Thus, the dynamical extension B ×α,α′ S of B by S is such
that
(x, s)· (y, t) = (x−1yf(x), x−1t)
(x, s) : (y, t) = (f(y), f(t)),
for all x, y, s, t ∈ B. Let us observe that the q-cycle set B ×α,α′ S is regular if
and only if f is bijective. Moreover, the left non-degenerate solution associated
to B ×α,α′ S is given by
r ((x, s) , (y, t)) =
((
xyf(x)−1, xt
)
, (f(x), f(s))
)
,
for all x, y, s, t ∈ B.
Example 23. Let X be a left quasi-normal semigroup and (X, · , :) the q-cycle
set in 2) of Examples 3 where x· y = y and x : y = yx, for all x, y ∈ X . Let
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S = X , α : X × X × S → Sym(S) and α′ : X × X × S → SS be the maps
defined by
α(x,y)(s, t) = t
α′(x,y)(s, t) = tx,
for all x, y, s, t ∈ X . Then, (α, α′) is a dynamical pair. In fact, clearly (6) is
satisfied. Moreover, if x, y, s, t ∈ X , we have that
α′(x:y),(x:z)(α
′
(x,y)(s, t), α
′
(x,z)(s, u)) = α
′
(yx,zx)(tx, ux) = uxyx = uyx
= α′(x,zy)(s, uy) = α
′
(y·x),(y:z)(α(y,x)(t, s), α
′
(y,z)(t, u))
and
α′(x·y),(x·z)(α(x,y)(s, t), α(x,z)(s, u)) = α
′
(y,z)(t, u) = uy = α
′
(y,z)(t, u)
= α(y:x),(y:z)(α
′
(y,x)(t, s), α
′
(y,z)(t, u)),
i.e., (7) and (8) hold. Therefore, the dynamical extension X ×α,α′ S of X by S
is such that
(x, s)· (y, t) = (y, t)
(x, s) : (y, t) = (yx, tx),
for all x, y, s, t ∈ X . Note that X ×α,α′ S in general is not regular. Moreover,
the left non-degenerate solution associated to the q-cycle set X ×α,α′ S is given
by
r ((x, s) , (y, t)) = ((y, t) , (xy, sy)) .
Let us observe that this solution satisfies the property r5 = r3, just like for the
solution associated to the q-cycle set (X, · , :).
The following example is the analogue of the abelian extension of cycle sets
studied by Lebed and Vendramin [32].
Example 24. Let X be a cycle set, A an abelian group, a, b, a′, b′ ∈ A and
f, f ′ : X ×X −→ A given by
f(x, y) :=
{
a if x = y
b if x 6= y
and
f ′(x, y) :=
{
a′ if x = y
b′ if x 6= y
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for all x, y ∈ X . Define on X × A the function α, α′ : X ×X ×A −→ Sym(A)
given by
α(x,y)(s, t) = t+ f(x, y)
and
α′(x,y)(s, t) = t+ f
′(x, y),
for all x, y ∈ X . Then, (α, α′) is a dynamical pair and hence X ×α,α′ A is a
q-cycle set. In particular, we have that
(x, s)· (y, t) = (x· y, t+ f(x, y))
(x, s) : (y, t) = (x· y, t+ f ′(x, y)),
for all x, y ∈ X .
A particular family of dynamical extensions allow us to define a kind of semidi-
rect product of q-cycle sets. Since this construction is similar to the ones of
other algebraic structures, for the convenience of the reader we write the two
operations · and : of the q-cycle set without using the dynamical pair.
Proposition 25. Let X,S be q-cycle sets, θ : X −→ Aut(S), x 7→ θx such that
θx·yθx = θy:xθy,
for all x, y ∈ X. Define on X × S the operations · and : by
(x, s)· (y, t) := (x· y, θx·y(s)· θy:x(t))
(x, s) : (y, t) := (x : y, θx:y(s) : θy·x(t))
for all x, y ∈ X, s, t ∈ S. Then, (X × S, · , :) is a q-cycle set which we call the
semidirect product of X and S.
Proof. Let (x, s), (y, t), (z, u) ∈ X × S. Then
((x, s)· (y, t))· ((x, s)· (z, u))
= (x· y, θx·y(s)· θy:x(t))· (x· z, θx·z(s)· θz:x(u))
= ((x· y)· (x· z), θ(x·y)·(x·z)(θx·y(s)· θy:x(t))· θ(x·z):(x·y)(θx·z(s)· θz:x(u))
and, thanks to the hypothesis, we obtain that
θ(x·y)·(x·z)(θx·y(s)· θy:x(t))· θ(x·z):(x·y)(θx·z(s)· θz:x(u)) (9)
= (θ(y:x)·(y·z)(θy:x(t)) : θ(x·y)·(x·z)(θx·y(s)))· (θ(y:x)·(y·z)(θy:x(t))· θ(z:y):(z:x)(θz:y(u)))
and
θ(y:x)·(y·z)(θy:x(t) : θx·y(s)))· θ(y·z):(y:x)(θy·z(t)· θz:y(u) (10)
= (θ(y:x)·(y·z)(θy:x(t)) : θ(x·y)·(x·z)(θx·y(s)))· (θ(y:x)·(y·z)(θ(y:x)(t))· θ(z:y):(z:x)(θz:y(u))).
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Indeed,
θ(x·y)·(x·z)(θx·y(s)· θy:x(t))· θ(x·z):(x·y)(θx·z(s)· θz:x(u)
= (θ(x·y)·(x·z)(θx·y(s))· θ(x·y)·(x·z)(θy:x(t)))· (θ(x·z):(x·y)(θx·z(s))· θ(x·z):(x·y)(θz:x(u)))
= (θ(x·y)·(x·z)(θx·y(s))· θ(x·y)·(x·z)(θy:x(t)))· (θ(x·y)·(x·z)(θx·y(s))· θ(x·z):(x·y)(θz:x(u)))
= (θ(x·y)·(x·z)(θy:x(t)) : θ(x·y)·(x·z)(θx·y(s)))· (θ(x·y)·(x·z)(θy:x(t))· θ(x·z):(x·y)(θz:x(u)))
= (θ(y:x)·(y·z)(θy:x(t)) : θ(x·y)·(x·z)(θx·y(s)))· (θ(y:x)·(y·z)(θy:x(t))· θ(z:x)·(z:y)(θz:x(u)))
= (θ(y:x)·(y·z)(θy:x(t)) : θ(x·y)·(x·z)(θx·y(s)))· (θ(y:x)·(y·z)(θy:x(t))· θ(z:y):(z:x)(θz:y(u))),
i.e., (9) holds. On the other hand, we have that
((y, t) : (x, s))· ((y, t)· (z, u))
= (y : x, θy:x(t) : θx·y(s))· (y· z, θy·z(t)· θz:y(u))
= ((y : x)· (y· z), θ(y:x)·(y·z)(θy:x(t) : θx·y(s)))· θ(y·z):(y:x)(θy·z(t)· θz:y(u))
and, by the hypothesis, it follows that
θ(y:x)·(y·z)(θy:x(t) : θx·y(s)))· θ(y·z):(y:x)(θy·z(t)· θz:y(u)
= (θ(y:x)·(y·z)(θy:x(t)) : θ(y:x)·(y·z)(θx·y(s)))· (θ(y·z):(y:x)(θy·z(t))· θ(y·z):(y:x)(θz:y(u)))
= (θ(y:x)·(y·z)(θy:x(t)) : θ(x·y)·(x·z)(θx·y(s)))· (θ(y:x)·(y·z)(θ(y:x)(t))· θ(z:y):(z:x)(θz:y(u))),
i.e., (10) holds. Therefore, since we showed that the first members of (9) and
(10) coincide and X is a q-cycle set, we have that equality (1) holds. In a similar
way, one can check that (2) and (3) hold, hence it remains to show that σ(x,s)
is bijective for every (x, s) ∈ X×S. Suppose that (x, s)· (y, t) = (x, s)· (z, u) for
some (x, s), (y, t), (z, u) ∈ X × S. Then,
(x· y, θx·y(s)· θy:x(t)) = (x· z, θx·z(s)· θz:x(u))
and, since X and S are q-cycle sets, it follows that y = z and θy:x(t) = θz:x(u).
Therefore, from the bijectivity of θy:x, we have that t = u, hence σ(x,s) is in-
jective. Finally, we have that (x, s)· (σ−1x (y), θ
−1
σ
−1
x (y):x
(σ−1
θy(s)
(t))) = (y, t), hence
the thesis.
By semidirect product of q-cycle sets we are able to construct further dynamical
extensions.
Example 26. Let X := {0, 1, 2} be the q-cycle set given by x· y := y, for all
x, y ∈ X , and
x : 0 = x : 1 := 0 x : 2 = 2,
for every x ∈ X . Moreover, let Y := {0, 1, 2} be the q-cycle set given by
x· y = x : y = y,
for all x, y ∈ Y , and θ : X −→ Aut(Y ) given by θ(0) = θ(1) := (0 1) and
θ(2) := idY . Then, the semidirect product (X × Y, · , :) is a q-cycle set of order
9. In particular, note that it is not regular.
20
Note that, if X and S are cycle sets, the semidirect product (as q-cycle sets) of
X and S coincides with the semidirect product of cycle sets developed by Rump
in [38]. Moreover, since biquandles in [4] can be viewed as particular q-cycle
sets, referring to Problem 4.15 in [4] itself, the previous proposition gives rise
to a general definition of semidirect product of biquandles.
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